Abstract. We study the stable pair theory of K3 fibrations over curves with possibly nodal fibers. We express the stable pair invariants of the fiberwise irreducible classes in terms of the famous Kawai-Yoshioka formula for the Euler characteristics of moduli space of stable pairs on K3 surfaces and Noether-Lefschetz numbers of the fibration. Moreover, we investigate the relation of these invariants to the perverse (noncommutative) stable pair invariants of the K3 fibration. In the case that the K3 fibration is a projective Calabi-Yau threefold, by means of wallcrossing techniques, we write the stable pair invariants of the fiberwise curve classes in terms of the generalized Donaldson-Thomas invariants of 2-dimensional Gieseker semistable sheaves supported on the fibers.
Introduction
The fiberwise T-duality (or Fourier Mukai transform) for elliptically fibered Calabi-Yau threefolds was shown by physicists [KMW, MNVW98, BDF07] as well as mathematicians [ACRY00] , [ACRY01] to be an effective tool to prove the correspondence between the BPS theory of D2 branes wrapped on the base and the D4 branes which also wrap the elliptic fibers. This correspondence in the Algebraic-geometric setting, for example when the ambient Calabi-Yau threefold is given by an elliptic fibration over a Hirzebruch surface, can provide a recipe to relate the Donaldson-Thomas theoretic objects, given by PT stable pairs [PT09] (these are the mathematical analog of D6-D2-D0 branes), representing a system of curves and points (lying on the curves) in the ambient Calabi-Yau threefold and the objects, given by Gieseker semistable sheaves with two dimensional support, representing a system of one dimensional subschemes of the surfaces which are obtained by the span of elliptic fibers and a ruling divisor of the base Hirzebruch surface. More generally, for the case of non-elliptically fibered threefolds, one might want to study the interesting question regarding the correspondence between the D6-D2-D0 BPS theory and D4-D2-D0 BPS theory of the threefold, i.e the correspondence between the theory of PT stable pairs [PT09] and the Donaldson Thomas theory of torsion Gieseker semistable sheaves with two dimensional support over the threefold. This question shapes the main motivation behind the current article; In [GS13] the authors studied the generating series of the invariants of Gieseker stable torsion sheaves with two dimensional support in an ambient threefold. The authors were able to prove the modularity properties of these generating series when the threefold is given as a K3 fibration over a smooth curve with possibly nodal fibers. In this article we try to obtain a stable pair theoretic analog of the results in [GS13] , investigate the modularity property of the invariants, and find a relation between the stable pair invariants and the Donaldson-Thomas invariants of Gieseker semistable 2-dimensional sheaves.
Let X be a nonsingular projective threefold with β ∈ H 2 (X, Z) and n ∈ Z. The moduli spaces of stable pairs P n (X, β) and their invariants were introduced by Pandharipande and Thomas [PT09] . It parametrizes the pairs O X s − → F where F is a pure 1-dimensional sheaf on X with ch 2 (F) = γ and χ(F) = n, and the cokernel of s is 0-dimensional. They showed that P n (X, β) is a locally complete moduli space of complexes in the derived category, and as such they constructed a perfect obstruction theory on P n (X, β) (see Theorem 1.2). In the case where the virtual dimension of the moduli space is zero, the stable pair invariants P n,β are defined by taking the degree of the virtual cycle obtained from this obstruction theory.
We study the invariants P n,β when X is a K3 fibration over a nonsingular projective curve C:
The K3 fibers are allowed to have nodal singularities. The curve class β is always chosen to be in the kernel of π * denoted by H 2 (X, Z) π . The virtual dimension of the moduli space is zero for such curve classes.
In Section 1, in the case that β ∈ H 2 (X, Z) π is an irreducible class, we prove the following theorem relating the invariants P n,β to the Euler characteristics of the moduli space of stable pairs on a nonsingular K3 surface S and the Noether-Lefschetz numbers N L π h,β of the fibration having modular properties [MP07, Bor99, Bor98, KM90] . Theorem 1. For the K3 fibration π : X → C with nonsingular fibers and the irreducible class β ∈ H 2 (X, Z) π we have
where P n (S, h) is the moduli space of stable pairs on a K3 fiber S i ֒− → X containing a curve C with i * [C] = β and [C] 2 = 2h − 2.
Moreover, if X has finitely many nodal fibers then P n,β can be explicitly written in terms of the stable pair invariants Pñ ,β of a resolved version π : X → C of X (with nonsingular fibers) for some possibly reducible liftsβ of β. The invariants Pñ ,β are conjecturally related to the invariants of perverse stable pairs (cf. Conjecture 1.21), from which a similar formula as above in terms of the Noether-Lefschetz numbers N L π h,β is deduced for the invariants P n,β of X.
The Euler characteristics χ(P n (S, h)) in Theorem 1 can be read off from Kawai-Yoshioka's formula having modular properties [KY00, Theorem 5.80]:
The proof of Theorem 1 involves studying the restriction of the obstruction theory constructed in [PT09] to isolated and non-isolated components of P n (X, β) in the case where all the K3 fibers are smooth. For K3 fibrations with nodal fibers we prove a conifold transition formula by using degeneration techniques and that leads us to working with the stable pair invariants Pñ ,β for possibly reducible classesβ lifting β. We present two approaches to compute the invariants Pñ ,β . The first approach is direct and is given in Section 1.6. The second approach, given in Section 1.7, is by studying the relationship between the invariants Pñ ,β and the invariants of the moduli space of perverse (non-commutative) stable pairs.
In Section 2, when the K3 fibration X is a Calabi-Yau threefold and β ∈ H 2 (X, Z) π is arbitrary, using the wall-crossing techniques mostly developed by the third author [Tod, Tod10a, Tod10b, Tod12a, Tod12b] and assuming a technical conjecture (cf. Conjecture 2.3), we express the stable invariants P n,β in terms of the generalized Donaldson-Thomas invariants J(r, β, n) of the Gieseker semistable sheaves F supported on the fibers with
Here F is the class of a fiber in X. The invariants J(r, β, n) are defined by the method of Joyce-Song [JS] . These invariants were studied by the first and second authors in [GS13] when there are no strictly semistable sheaves F satisfying (2).
Theorem 2. Let P T (X) = n,β P n,β q n t β . We have the following formula
exp (−1) n−1 J(r, β, r + n)q −n t β n+2r
.
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1. Stable pairs and Noether-Lefschetz numbers 1.1. Smooth K3 fibrations. Let π : X → C be a smooth K3 fibration over a projective and nonsingular curve C. Let i : S ֒→ X denote a K3 fiber of X. Suppose that γ ∈ H 2 (X, Z) π is always represented by the curves scheme theoretically supported on a fiber of π. We study the moduli space of stable pairs P n (X, γ) in the sense of [PT09] . It parametrizes the pairs O X s − → F where F is a pure 1-dimensional sheaf on X with ch 2 (F) = γ and χ(F) = n, and the cokernel of s is 0-dimensional. By our assumption there exists a K3 fiber i : S ֒→ X and a pure 1-dimensional sheaf G on S such that F = i * G. Moreover, O S s − → G defines a stable pair on S [PT10] . We denote by P n (S, β) the moduli space of stable pairs O S → G on S such that ch 2 (G) = β and χ(G) = n where β ∈ H 2 (S, Z) is such that i * β = γ.
Notation. Letting P = P n (X, γ), we denote by π P : X × P → P and π X : X × P → X the natural projections. Let ρ : P → C be the natural morphism which, at the level of C-points, sends the stable pair O X → F to π(S) ∈ C where S is the unique fiber on which F is supported. The morphism ρ is well defined because of our assumption on the curve class γ. The stable pairs can be thought of as 2-term complexes in the derived category. Letting i S : S = X π × ρ P ֒→ X × P, we denote by I • and I • S the universal complexes on X × P and S respectively. We denote by π ′ P and π ′ X the compositions of i S with π P and π X respectively.
We start by reviewing some of facts about the moduli spaces P n (X, γ) and P n (S, β). In [PT10] Pandharipande and Thomas identify P n (S, β) by a relative Hilbert scheme of points: Proposition 1.1. [PT10, Proposition B.8] The moduli space of stable pairs on S, P n (S, β), is isomorphic to the relative Hilbert scheme Hilb n+β 2 /2 (C/M) where M is the moduli space of pure one dimensional subschemes of S and C denotes the universal curve over S × M.
In [PT09] , P n (X, γ) is equipped with a perfect obstruction theory by studying the deformations of the complex I • in the derived category:
There is a perfect obstruction theory over P given by the following morphism in the derived category:
The stable pair invariants are then defined by
We define PT(X) γ to be
Definition 1.3. We call a connected component P c of P = P n (X, γ) a type I component if ρ(P c ) = C, otherwise we call P c a type II component. If P c is a type II component there exists a point p ∈ C such that ρ(P c ) = p; if the tangent sheaf of P c is isomorphic to the tangent sheaf of P n (π −1 (p), γ) we call P c an isolated type 2 component. We usually denote a type I component by P 0 and an isolated type II component by P iso . ⊘ By [KT11, Proposition 3.4] and the standard techniques of [HT10] , some of type I components P 0 can be equipped with a fiberwise obstruction theory given by Theorem 1.4. Suppose that for any closed point O X → F of a given type I component P 0 , the support of F is scheme theoretically lying on one K3 fiber, then there exists a ρ-relative obstruction theory over P 0 given by the following morphism in the derived category:
If γ is an irreducible curve class we can even say more:
an irreducible curve class. Then a type I component P 0 (respectively, an isolated type II component P iso ) is nonsingular of dimension n + 2g (respectively, n + 2g − 1), where g is the arithmetic genus of the support of a stable pair in P 0 (respectively, P iso ). Moreover, we have the isomorphism of the tangent bundles:
In the following proposition we find the restriction of the obstruction sheaf of the obstruction theory E • in Theorem 1.2 to the type I and isolated type II components of P: Proposition 1.6. Suppose that γ is an irreducible curve class, and P 0 and P iso are respectively a type I and an isolated type II components of P. Then we have
Proof. Let P c be either P 0 or P iso and let ω := ω π Pc . Applying
to the exact triangle I • → O X×Pc → F over X × P c , we obtain the following exact triangle
from which we can form the following commutative diagram of vertical and horizontal exact triangles:
After dualizing, the bottom row of the diagram gives the exact triangle
The 0-th cohomology of the sequence above gives the exact sequence
Note that the first term in the sequence above is h 1 (E •∨ ) | Pc . Since the fiberwise support of F is 1-dimensional we get Ext 2 π Pc (O, F) = 0 and hence the map g is surjective. Now we show that the map g is also injective. It is enough to prove this over any closed point p ∈ P c . Here we will use part of the strategy of the proof of [PT09, Proposition 4.4]. Over the point p and after dualizing and taking cohomology, the diagram gives the following diagram of the vertical and horizontal exact sequences 0
where the map g p is induced by the map g described above. As in [PT09, Proposition 4.4] in order to show that Ext
• ) is injective, it is enough to show that the map Ext 1 (F, F) → H 1 (F) is surjective. Now suppose that F is supported on a curve C which is irreducible by our assumption. The stability of pairs then implies that outside of a zero dimensional subscheme of C the trace map H om(F, F) tr − → O C is an isomorphism, from which we can get the isomorphism
On the other hand, using the fact that the cokernel of the map O C s − → F defining the stable pair is zero dimensional we can see that
is also surjective. So we have proved that the map g is an isomorphism:
where the last isomorphism is the relative duality. This finishes the proof.
Corollary 1.7. The restrictions of the virtual classes of the obstruction theory E • in Theorem 1.2 to type I and isolated type II components are given by
where K is an invertible sheaf on C whose fiber over a closed point p ∈ C is identified with
Proof. The first formula and the first equality in the second formula follows by applying [BF97, Proposition 5.6] to Proposition 1.6. To see the second equality in the second formula we proceed as follows. Applying
and taking cohomology, we get the exact sequence
By analyzing the fibers of the vector bundles in the sequence above, using the fiberwise stability of G, we can conclude that the sequence is short exact. After dualizing, we get the short exact sequence 0 → Ext
Note the first term is obtained by applying Verdier duality and the adjunction formula ω π ′ P 0
which is identified with R 2 π ′ P 0 * O S via the trace map using the fiberwise stability of G again. By Verdier duality and the adjunction formula again and noting that ω π P 0 = π * X K X is the pullback of the canonical bundle of the base curve C, we get
Now using the short exact sequence above, we can write
Finally by a Grothendieck-Riemann-Roch calculation for the K-group element
using the fact that by the analysis of [PT10, Proposition C.2], Ext 1
) ∨ is a line bundle pulled back from the base curve C, we can see that only
contributes to the formula (3). Therefore, we get the last equality in the corollary.
Following [MP07] , let V : R 2 π * (Z) → C be the rank 22 local system determined by the K3-fibration π. Let H V denote the π-relative moduli space of Hodge structures as in [MP07, Section 1.4]
1
. There exists a section map
which is determined by the Hodge structures of the fibers of π:
For any irreducible class γ ∈ H 2 (X, Z) π and h ∈ Z let
where β is a (1, 1) class on S (the fiber over c).
where the first component defines a finite local system ǫ : B I (h, γ) → C, and the second component is an isolated set. Let P ǫ be the connected component of P corresponding to the local system ǫ, and let
be the contribution of this component to P n,γ . Note that P ǫ is a type I component of P n (X, γ) in the sense of Definition 1.3. By Corollary 1.7 we have
On the other hand, if α ∈ B II (h, γ) supported on the fiber S is a result of a transversal intersection 2 of σ(C) with a Noether-Lefschetz divisor then the corresponding connected component P α of P n (X, γ) is an isolated type II component in the sense of Definition 1.3 and is isomorphic to P n (S, h). By Corollary 1.7 we have
We define
to be the contribution to P n,γ of this component. For any integer h ∈ Z, the Noether-Lefschetz number N L π h,γ was defined in [MP07] by intersecting σ(C) with the π-relative Noether-Lefschetz divisor in H V associated to h and γ. Informally, N L π h,γ is the number of the fibers S of π for which there exists a (1, 1) class β ∈ H 2 (S, Z) such that
The following theorem expresses the stable pair invariants of X in terms of the Euler characteristics of of the moduli spaces of stable pairs on the fibers and the Noether-Lefschetz numbers: Theorem 1.8. For a smooth K3 fibration π : X → C and the irreducible class γ ∈ H 2 (X, Z) π we have
The Euler characteristics χ(P n (S, h)) are determined by Kawai-Yoshioka's formula (1).
Proof. The proof follows the same ideas as the proof of Theorem 1 in [MP07] . We compare the contributions of B I and B II to P n,γ and the NoetherLefschetz numbers. Suppose that ǫ is a local system giving rise to B I (h, γ) as above. Then, we can write
By virtue of (5), it is shown in the proof of Theorem 1 in [MP07] (pp 22-23) that
gives the contribution of B I (h, γ) to N L π h,γ . Using the deformation invariance of the stable pair invariants we may assume that any α ∈ B II (h, γ) is a result of a transversal intersection of σ(C) with a Noether-Lefschetz divisor. As a result, the contribution of α to N L π h,γ is exactly 1, and moreover, the corresponding component P α is an isolated type II component. Therefore,
n+2h−1 χ(P n (S, h)).
1.2. Nodal K3 fibrations. In this section we aim to prove the compatibility condition for stable PT pairs via conifold transitions. Suppose X is a smooth projective 3-fold together with a morphism
for C projective and nonsingular curve, such that the fibers of π are K3 surfaces and the fibration has finitely many ordinary double point singularities (ODP). For any β ∈ H 2 (X, Z) π , the stable pair invariants P n,β are defined as before by
where [P n (X, β)] vir is the 0-dimensional virtual cycle associated to the obstruction theory in Theorem 1.2. We define PT(X) to be
Using the deformation invariance, finding the stable pair invariants of X when the singularities of fibers are more general type of rational double points (RDP) may be reduced to this case.
Let s 1 , . . . , s k ∈ X be the singular points of the fibers of X, and assume there are k ′ singular fibers in X over c 1 , . . . , c k ′ ∈ C where k ′ is a nonnegative integer. By our assumption, each s i is an ordinary double point (nodal) singularity for any i, and the other fibers of X are smooth K3 surfaces. If k ′ is even, define c 0 = c 1 and if k ′ is odd, define c 0 to be an arbitrary point of C distinct from c 1 , . . . , c k ′ . Define ǫ : C → C to be the double cover of C branched over the points c 0 , . . . , c k ′ . It can be seen that X 0 := ǫ * (X) is a threefold with the conifold singularities. Let h : X → X 0 be its small resolution with the exceptional nonsingular rational curves e 1 , . . . , e k , and let π : X → C be the induced morphism. The normal bundle of e i in X is isomorphic to O P 1 (−1) ⊕ O P 1 (−1) [Ati58] . Moreover, let ǫ t : C t → C be a double cover of C branched at k + 2{k/2} generic points of C when t = 0 and C 0 = C. Define X t = ǫ * t (X). Our plan is to relate the PT invariants of X and X t which differ by the conifold transitions. As in GW theory [LY04] , [LR01] this can be done, using degeneration techniques. It is possible that X is no longer projective in which case we use fiberwise quasi-polarizations to construct the moduli space as an analytic space and define the PT invariants: Remark 1.9. We need to extend the construction of P n (X, β) to the case where the complex manifold X for the K3-fibration π : X → C is possibly not projective. Let i : S ֒→ X denote the embedding of the fiber S in X. Assume that there is a line bundle L on X such that there are finitely many K3 fibers S of π for which i * L is only a quasi-polarization (see [MP07] ), and it is a polarization for other fibers. There is an analytic open covering U j of C such that π U j is projective. In this case the moduli space P n (U i , β) can be constructed as an analytic space which is projective over U i . Moreover, P n (U i , β) and P n (U j , β) are canonically isomorphic over the overlaps U i ∩U j , and so they can be patched together to give a compact analytic space P n (X, β) over C. Two constructions above obviously give the same result when X is projective over C. The perfect obstruction theories and the virtual cycles over P n (U i , β) are also glued together to give the corresponding virtual cycles over P n (X, β); we define P n,β as before using the compactness of P n (X, β). There is an open substack of P n (W/D, β) whose C-points correspond to pairs (O W → F) such that F is supported on W and normal to D. A C-point of the boundary corresponds to an admissible pair (a stable pair containing an admissible sheaf [LW11] in the sense of Li and Wu) supported on an n-step degeneration of (W [n], D[n]). By the relativity of stable pairs, there is a morphism ev :
Given a cohomology weighted partition η with respect to a basis of H * (D, Q), we can associate a cohomology class
which forms a basis of H * (Hilb(D, |η|), Q) called Nakajima basis. If we choose a basis of H * (S) which is self-dual with respect to the Poincaré pairing, then for each cohomology weighted partition η, there is a dual partition η ∨ such that
for any cohomology weighted partition ν with |ν| = |η|. Here l(η) is the length of the partition η and a(η) is defined by
Definition 1.11. The relative stable pair invariant (without insertions) is defined by
The virtual dimension of P n (W/D, β) is given by c 1 (W ) · β. Therefore the above invariant is zero unless
We define the following generating series
We abbreviate η, D if |η| = 0, D = ∅ respectively.
1.4. Degeneration formula. We use degenerations of the threefolds X and X t to respectively
where Y is the threefold obtained by blowing up X 0 at all the conifold points, with the exceptional divisors
and P 2 is a smooth quadric in P 4 . Note that we have the factorization
such that g is the blowing up at all the exceptional loci of h. The first degeneration is the degeneration to the normal cone [Ful98] in which D i ⊂ Y is attached to the divisor at infinity H 1 = P(O P 1 (−1) 2 ) in the i-th copy of P 1 . The second degeneration is called the semi-stable reduction of a conifold degeneration [LY04] in which D i ⊂ Y is attached to a smooth hyperplane section H 2 in the i-th copy of P 2 . We denote by
the total spaces of the first and second degenerations above. Let L be an ample line bundle on X. We define line bundles L t on X t to be
where we set ǫ 0 := ǫ. Now we apply the degeneration formula of stable pair invariants with respect to the above degenerations. Suppose for simplicity that there is only one critical locus for the fibration X → C, i.e. k = 1. By the degeneration formula, we obtain the following identities for β ∈ H 2 ( X, Z) π PT( X) β = (8)
Here the sum β 1 + β 2 = β is an equality in H 2 (X 1 ) and H 2 (X 2 ) respectively.
Proposition 1.12. The degeneration formula (8) implies that
Proof. The degeneration formula of relative rank one DT invariants for the blow-up at (−1, −1)-curves is worked out by Hu-Li [HL12] , and we apply the same argument. By the agreement of the virtual dimensions, it follows that a non-zero term of the RHS of (8) 
This implies that β 1 is written as h ! β ′ 1 for some β ′ 1 ∈ H 2 (X 0 ), and β 2 is a multiple of the class of the curve C ⊂ P 1 given by the embedding
The curve C is a (−1, −1)-curve which does not intersect with H 1 . The contributions of the relative stable pairs on P 1 with curve class m[C] is identified with the stable pair invariants on X with curve class m[e 1 ]. Hence we obtain the desired result for k = 1. The case of k > 1 is similarly discussed. Proposition 1.13. For any d ∈ Z >0 , the degeneration formula (9) implies that
Proof. By the agreement of the virtual dimensions, a non-zero term of the RHS of (9) satisfies
We also have the following compatibility condition
The above inequalities imply that D 1 · β 1 = |η| = 0 and H 1 · β 2 = 0. The first equality implies that β 1 is written as h ! β ′ for some β ′ ∈ H 2 (X 0 ). The second equality implies that β 2 = 0, since H 2 is an ample divisor in P 2 . By rearranging the sum, we obtain the desired formula for k = 1. The case of k > 1 is similarly discussed.
1.5. Relation between PT(X) and PT( X). Now we choose k ′ generic fibers S 1 , . . . , S k ′ of X → C. By our assumption S i is a K3 surface. Let X i = S i × P 1 . Then X i is a smooth K3-fibration over P 1 . We identify the surface S i with the divisor S i × {0} in X i .
Lemma 1.14. For any curve class β contained in fibers of X i → P 1 , we have P n,β (X i /S i ) = 0.
Proof. This follows from discussions in [KT11] and [MPT10] .
We set S to be the disjoint union of
Lemma 1.15. P n,β (X/S) = P n,β (X).
Proof. Use the degeneration formula for the degeneration of X in to
The vanishing of P n,β (X i /S i ) from Lemma 1.14 proves the claim.
We use Lemma 1.15 to relate the PT invariants of X to X t . To achieve this we use the degeneration of X t obtained by degenerating its base C to two copies of C by attaching two copies of X along the generic fibers S 1 , . . . , S k ′ . The degeneration formula then implies that
for each d ∈ Z >0 . Let PT h ( X) be the generating series defined by
Let ǫ : X → X be the natural morphism. Combined with the results in the previous subsection, we obtain the following result: Theorem 1.16. We have the formula
Here ǫ * is the variable change t β → t ǫ * β .
Proof. For each d ∈ Z >0 , Proposition 1.13, Lemma 1.15 and (10) imply
Since the above formula holds for any L, we have
On the other hand, the LHS of (13) coincides with the LHS of (12) by Proposition 1.12. Therefore we obtain the result. Remark 1.17. The variable change t β → t ǫ * β only makes sense after taking the quotient series in the LHS of (12). Otherwise there are infinite numbers of contributions to the coefficients. Remark 1.18. The LHS of (12) is known to be independent of a choice of a small resolution [HL12] , [Tod] , [Cal] . The formula (12) is consistent with this fact.
1.6. Reducible curve classes. The stable pair invariants contributing to the left hand side of (12) are either of the form P n,me i for some m > 0 (which are given by (11)), or of the form P n,γ where
for some irreducible curve class γ 0 ∈ H 2 (X 0 , Z), i = 1, . . . , k, and m ∈ Z ≥0 . We proved a formula for P n,γ when m = 0 in Theorem 1.8. In this section we prove a similar formula when m > 0 in some special cases. In Section 1.7, we study the general situation using perverse stable pair theory. For any γ as in (14), because γ 0 is an irreducible class, one can define the morphism ρ : P n ( X, γ) → C, and type I and II components P n ( X, γ) as before (cf. Definition 1.3). Suppose P iso is an isolated type II component of P n ( X, γ), then P iso ∼ = P n (S, β) where γ = i * β and i : S ֒→ X is the fiber of X containing e i . Since β is a primitive class, one can find a deformation of S in which β becomes irreducible, hence by [PT10, Proposition C.2] P n (S, β) is of dimension v := n + β 2 + 1. Moreover, by [KT11, Proposition 3.4] P n (S, β) is equipped with a perfect obstruction theory
. By removing the trivial factor H 0,2 (S) from this obstruction theory [KT11] constructs a v-dimensional reduced virtual cycle [P n (S, β)] red . The obstruction theories E • and G • are related by the following two natural exact triangles:
and
The complexes E •∨ and G •∨ can be identified in the derived category with 2-term complexes E 0 → E 1 and G 0 → G 1 of vector bundles. Their K-group classes are then respectively E 0 − E 1 and G 0 − G 1 . Define the element V of the K-group by
By the exact triangles above, the fiber of V over a closed point O X → i * G is naturally given by
Using these facts we have
The first equality is by [Sie04, Theorem 4.6] in which c F denotes Fulton's canonical class. The third equality is for dimensional reasons using the discussion in [Sie04, Section 4.1] and noting that the obstruction theory G • contains a trivial factor. Suppose P 0 is a type I component of P n ( X, γ), corresponding to a local system of fiberwise curve classes β, push forward to γ. We assume that any β in the local system is represented by a curve supported entirely in one fiber π. Let K be the canonical line bundle on C with the fiber over p ∈ C is H 0,2 ( π −1 (p)). Replacing the obstruction theory G • in the argument above with the absolute obstruction theory G • induced from the ρ-relative obstruction theory of Theorem 1.4, we can write
V as above is a K-group class whose fiber over a closed point O X → i * G with Supp(G) ⊂ π −1 (p) for some p ∈ C is naturally given by
In some special cases we can prove an analog of Theorem 1.8 for the possibly reducible classes γ as in (14): Theorem 1.19. Using the notation above, we have the formula
in either of these two special cases:
(1) The moduli space P n ( X, γ) has no type I components, (2) m ∈ Z ≥0 is minimal with the property that P n ( X, γ = h ! γ 0 + me i ) has a type I component, and moreover, c n+β 2 +2 (V ) = 0 for any type I component of P n ( X, γ). The integral on the right hand side of the formula above can be obtained by Kawai-Yoshioka's formula (1).
Proof. Using the deformation invariance of the stable pair invariants we can assume that P n ( X, γ) contains only isolated type II components. In fact by a small local deformation if necessary we can make sure the section map (4) is transversal to the Noether-Lefschetz divisor. The formula then follows from (15) and (16) using our assumption and similar arguments as in the proof of Theorem 1.8. The second claim follows from the fact that since the class β with i * β = γ is primitive, one can find a deformation of S to S ′ in which β becomes irreducible. The moduli space P n (S ′ , β) is then smooth and hence [P n (S ′ , h)] red = [P n (S ′ , β)]. Moreover, by Corollary 1.7 and deformation invariance property of the reduced virtual cycle for (1,1) classes
which can be found by Kawai-Yoshioka's formula.
1.7. Relation to perverse (non-commutative) stable pair theory.
In this subsection, we introduce perverse (or non-commutative) stable pair theory, and propose a conjectural relationship between the quotient series PT( X)/ PT h ( X) and the generating series of the perverse (non-commutative) stable pair invariants. We first recall the heart of the perverse t-structure on D b Coh( X) associated to the small resolution h : X → X 0 , introduced by Bridgeland [Bri02] . Let C ⊂ D b Coh( X) be the full subcategory defined by
By [Bri02] , the standard t-structure on D b Coh( X) induces a t-structure (C ≤0 , C ≥0 ) on C. We define Per( X/X 0 ) to be
The category Per( X/X 0 ) is the heart of a bounded t-structure on D b Coh( X), hence it is an abelian category. Note that O X ∈ Per( X/X 0 ) by definition. Let Per ≤1 ( X/X 0 ), Per 0 ( X/X 0 ) be the subcategories of Per( X/X 0 ), defined by
It is easy to see that Per ≤1 ( X/X 0 ) and Per 0 ( X/X 0 ) are closed under quotients and subobjects in Per( X/X 0 ). In particular, they are abelian subcategories of Per( X/X 0 ). Definition 1.20. A perverse stable pair for h : X → X 0 consists of data (F, s)
satisfying the following conditions:
• Hom(Per 0 ( X/X 0 ), F) = 0.
• The cokernel of s in Per( X/X 0 ) is an object in Per 0 ( X/X 0 ).
The above definition coincides with the usual definition of stable pairs if h : X → X 0 is an isomorphism (i.e. there is no nodal fiber for π : X → C). Also the above perverse stable pairs are related to the non-commutative version of stable pairs as follows. Suppose that X were a projective variety. Then, Van den Bergh [dB04] shows that there is a vector bundle E 0 on X such that E = O X ⊕ E 0 gives a derived equivalence
where
is the sheaf of non-commutative algebras on X 0 . The equivalence Φ restricts to an equivalence between Per( X/X 0 ) and Coh(A X 0 ).
be the subcategories of Coh(A X 0 ), consisting of E ∈ Coh(A X 0 ) whose support as O X 0 -module has dimension ≤ 1, 0 respectively. It is easy to see that
Under the equivalence Φ, the data (17) is equivalent to the data (F ′ , s ′ )
such that Hom(Coh 0 (A X 0 ), F ′ ) = 0 and the cokernel of s in Coh(A X 0 ) is an object in Coh 0 (A X 0 ). The pair (18) is a non-commutative analogue of stable pairs. However unfortunately, our 3-fold X is not projective, and the sheaf of non-commutative algebras A X 0 only exists at formal neighborhoods at each point in X 0 . Because of the absence of the global sheaf of non-commutative algebras A X 0 , we formulate our non-commutative stable pairs as a morphism in the perverse heart as in (17).
For β ∈ H 2 ( X, Z) with π * β = 0 and n ∈ Z, let
be the moduli space of perverse stable pairs (O X → F) with [F] = β and χ(F) = n. We expect that the moduli space (19) exists as a proper analytic space, with a perfect obstruction theory with virtual dimension zero given by
where I • per is the total complex associated to the morphism s : O X×P per n ( X,β) → F per . By taking the integration, we obtain the invariant
We define PT per ( X) to be
Conjecture 1.21. We have the equality
Remark 1.22. The conjectural equality (21) is motivated by the work in [Tod] . Indeed the equality (21) [Cal] . However, since our 3-fold X is no longer Calabi-Yau, we need a new technique of wall-crossing to show the inequality (21).
Remark 1.23. If Conjecture 1.21 is true, then Theorem 1.16 implies that
Hence we can reduce the computation of PT(X) for a nodal K3 fibration X → C to the computation of PT per ( X) for a smooth K3 fibration X → C.
We prove the following lemma:
Lemma 1.24. Let (O X → F) be a perverse stable pair such that h * [F] is an irreducible curve class in X 0 . Then we have Hom(F, F) = C.
Proof. It is enough to show that any non-zero morphism u : F → F in Per( X/X 0 ) is an isomorphism. Let us take a factorization in Per( X/X 0 )
Let U = X \ Ex(h). Suppose first that u| U = 0. Then im u is a non-zero object in Per 0 ( X/X 0 ), which contradicts to Definition 1.20. Hence we have u| U = 0. Since the object F| U is a pure one dimensional sheaf whose scheme theoretic support is irreducible, the morphism u| U is an injective morphism in Coh(U ). This implies that, if Ker(u) ∈ Per( X/X 0 ) is non-zero, then it is an object in Per 0 ( X/X 0 ). This contradicts to Definition 1.20, hence Ker(u) = 0. Now we have proved that u is injective in Per( X/X 0 ). It remains to show that Cok(u) ∈ Per( X/X 0 ) vanishes. Since Rh * takes Per( X/X 0 ) to Coh(X 0 ), we have the exact sequence in Coh(X 0 )
The above sequence implies that Rh * Cok(u) = 0, hence Cok(u) ∈ C. It follows that, by [dB04] , the object Cok(u) is isomorphic to the direct sum of the sheaves O e i (−1). By taking the cohomology long exact sequence associated to 0 → F → F → Cok(u) → 0, we obtain the exact sequence of sheaves
Therefore we have Cok(u) = 0.
For the smooth K3 fibration π : X → C suppose that
for some irreducible class γ 0 ∈ H 2 (X 0 , Z), i = 1, . . . , k, and m ∈ Z ≥0 . By Lemma 1.24 there is a natural morphism ρ : P per n ( X, γ) → C and we can define the type I and isolated type II components of P per n ( X, γ) similar to Definition 1.3. We then have the analogs of Propositions 1.5, 1.6, and Corollary 1.7 that can be summarized as follows: and isolated type II component P per iso of the moduli space of perverse stable pairs P per ( X, γ) are smooth. Moreover, we have the following identities
, where K is the invertible sheaf on C defined in Corollary 1.7.
Proof. The proof of the smoothness as in Proposition 1.5 follows from [PT10, Proposition C.2]. The main ingredient of the proof is the simpleness of the perverse sheaves F which is proved in Lemma 1.24, and the fact that the higher cohomologies of the cokernel of s in the perverse stable pair O X s − → F vanish. The second part of the proposition is obtained, following the same lines of proof as in Proposition 1.6 and Corollary 1.7. As in the last part of the proof of Proposition 1.6, we need to establish the surjectivity of the induced map Ext
To see this, let R be the image of the map O X s − → F defining the perverse stable pair, and denote its cokernel by Q. We then get the short exact sequence 0 → R → F → Q → 0 in Per( X/X 0 ). One can again argue that outside of a zero dimensional subscheme of U = X \ Ex(h) the trace map H om(F, F) → R is an isomorphism and this in turn induces an isomorphism H 1 (H om(F, F)) ∼ = H 1 (R) using the description of Per( X/X 0 ) ≤1 given in [Tod, Lemma 2.20 ]. On the other hand, using H 1 (Q) = 0 we can see that H 1 (R) → H 1 (F) is surjective. These two facts prove the claim. Now we provide an analog of Theorem 1.8 for perverse stable pair invariants: Theorem 1.26. For the smooth K3 fibration π : X → C suppose that γ is given as in (23), then we have
Remark 1.27. Note that by the deformation invariance of the Euler characteristic (using the smoothness of P per n (S, h)), we can see that the Euler characteristics χ(P per n (S, h)) can be read off from Kawai-Yoshioka's formula (1).
Remark 1.28. If the conjectural relation (22) holds, then by Theorem 1.26, it enables us to compute stable pair invariants for the nodal K3 fibration X → C with irreducible curve classes.
Wall-crossing for K3 fibrations
In this section, we study the stable pair invariants on K3 fibrations from a different approach. We first relate the stable pair invariants on a K3 fibration (with possibly singular fibers) to the generalized DT invariants counting torsion sheaves supported on fibers of the K3 fibration. This is achieved by an argument similar to [Tod12b] , and we use wall-crossing formula of DT type invariants in the derived category [JS] . The latter invariants are calculated in [GS13] for nodal K3 fibrations, and we apply its result to calculate the stable pair invariants on nodal K3 fibrations with irreducible curve classes. For a non-irreducible curve classes, the two approaches give different descriptions of the stable pair invariants on nodal K3 fibrations. This gives a non-trivial relationship between the generalized DT invariants on nodal K3 fibrations and the stable pair invariants on smooth K3 fibrations, which may have some applications to the study of the generalized DT invariants.
2.1. Stability conditions for K3 fibrations. Let X be a smooth projective Calabi-Yau 3-fold over C, i.e.
We assume that there is a morphism π : X → P 1 such that every schemetheoretic fiber is an integral scheme. Note that a generic fiber is a smooth algebraic K3 surface. An example is given by a generic hypersurface of bidegree (4, 2) in P 3 × P 1 . Let Coh π (X) be the subcategory of E ∈ Coh(X) such that Supp(E) is contained in the fibers of π. We consider Bridgeland stability conditions on the derived category
Note that for any object E ∈ D 0 , we have
Here [X p ] is a fiber class, and r, n ∈ Z. Under the Poincaré duality, the element β is regarded as an element in H 2 (X, Z) π . By setting
the expression (24) gives a group homomorphism
Let ω be an ample divisor on X. Using the expression (24), we define the slope function µ ω on Coh π (X) by
Here µ ω (E) = ∞ if E is a one dimensional sheaf. The slope function µ ω defines the µ ω -stability on Coh π (X) in an obvious way. We define the following full subcategories in Coh π (X):
Here − ex is the extension closure. The above pair (T ω , F ω ) determines a torsion pair on Coh π (X). We have the associated tilting
Let Z ω,0 : Γ 0 → C be the group homomorphism defined by
Here we have written v = (r, β, n). Proof. The proof is almost the same as in the K3 surface case in [Bri08, Proposition 7.1]. However, we need to take a little care since there may be possible singular fibers of π. For non-zero E ∈ B ω , let us show the following property
By our construction of B ω , it is enough to show the following: for any pure two dimensional µ ω -stable sheaf E ∈ Coh π (X) with cl 0 (E) = (r, β, n) and ω · β = 0, we have n ≤ 0. Since E is µ ω -stable, it is a O Xp -module for some p ∈ P 1 . If X p is smooth, then this is a consequence of Bogomolov-Gieseker inequality. In general, since X p is an integral scheme, the structure sheaf O Xp is a µ ω -stable sheaf with µ ω (O Xp ) = 0. By the µ ω -stability, if r ≥ 2, we have Hom(O Xp , E) = Hom(E, O Xp ) = 0. By the Serre duality and the Riemann-Roch theorem, we obtain χ(E) = r + n ≤ 0.
If r = 1, we still have Hom(O Xp , E) = 0 because Ext
for any x ∈ X. If Hom(E, O Xp ) = 0, then E is an ideal sheaf of a zero dimensional subscheme in X p , hence the inequality n ≤ 0 is satisfied.
We finally check the Harder-Narasimhan property. By discussing as in [Bri08, Proposition 7 .1], we arrive at the exact sequence of sheaves 
We construct weak stability conditions on D in the sense of [Tod10a] , following the same argument of [Tod12b, Subsection 3.3]. Let A ω be the subcategory of D defined by
One can check that, using the same argument of [Tod12b, Proposition 2.9], the subcategory A ω is the heart of a bounded t-structure on D. In particular it is an abelian category. We have the group homomorphism
for L ∈ Pic(P 1 ). We take a filtration Γ • defined by
where the second inclusion is given by v → (0, v). We define the element
to be the following:
Lemma 2.2. The pairs
determine weak stability conditions on D with respect to the filtration Γ • on Γ.
Proof. The same argument of [Tod12b, Lemma 3.4] is applied without any major modification.
2.3. Wall-crossing formula. For (r, β, n) ∈ Γ 0 , let J(r, β, n) ∈ Q be the generalized DT invariant [JS] , which virtually counts ω-Gieseker semistable sheaves E ∈ Coh π (X) with cl 0 (E) = (r, β, n). An Euler characteristic version of the above invariant is available in [Tod12b, Definition 4.23]. Similar to the Euler characteristic version in [Tod12b] , the invariant J(r, β, n) is independent of ω since the Euler pairing on D 0 is trivial. In order to apply the wall-crossing formula in the derived category, we assume the following technical conjecture:
Conjecture 2.3. Let M the moduli stack of objects E ∈ D b Coh(X) satisfying Ext <0 (E, E) = 0, and G a maximal reductive subgroup in Aut(E). Then there exists a G-invariant analytic open neighborhood V of 0 in Ext 1 (E, E), a G-invariant holomorphic function f : V → C with f (0) = df | 0 = 0, and a smooth morphism of complex analytic stacks
The above conjecture is proved if E ∈ Coh(X) by Joyce-Song [JS] , and a similar result was announced by Behrend-Getzler. The above conjecture is required in order to apply the wall-crossing formula in the derived category, rather than coherent sheaves. The following result is proved along with the same argument of Proof. The Euler characteristic version of the above result is proved when X is a trivial fibration. The proof proceeds along with the same argument of [Tod12b] without any major modification. We only give an outline of the proof.
Step 1. First wall-crossing. 
The above formula is obtained by applying the wall-crossing formula of DT type invariants in the category of perverse coherent sheaves on D b Coh(X), which are certain two term complexes of coherent sheaves. The invariant L(β, n) counts perverse coherent sheaves E, which are semistable with respect to a certain self dual weak stability condition on the perverse heart. (It was denoted by µ iω -limit stability in [Tod10b, Section 3], and Z ω,1/2 -stability in [Tod12a, Section 5].) The object E satisfies the numerical condition ch(E) = (1, 0, −β, −n). The precise definition of the invariant L(β, n) is available in [Tod12a, Definition 5.5], where it is denoted by L n,β . When X = S × P 1 for a K3 surface S, its Euler characteristic version is available in [Tod12b, Subsection 4.6].
Step 2. Generating series of DT type invariants.
For (r, β, n) ∈ Γ 0 , let M tω (r, β, n) be the moduli stack of σ tω -semistable object E ∈ A ω satisfying cl(E) = (1, −r, −β, −n) ∈ Γ.
Similarly to [Tod12b, Lemma 4.13], the above moduli stack is realized as a constructible subset of an Artin stack M locally of finite type. Similarly to [Tod12b, Definition 4.10], it defines the DT type invariant
Here ν is the Behrend function. More precisely, the above invariant is defined to be the integration of the Behrend function of the logarithm of M tω (r, β, n) in the Hall algebra of A ω . Namely the above invariant is defined as in the same way of the generalized DT invariants [JS] , after replacing the Giesekerstability in Coh(X) by Z tω -stability in the heart A ω . We form the following generating series DT tω (X) := (r,β,n)∈Γ 0 DT tω (r, β, n)q n t β s r .
We consider the behavior of the above generating series for t ≫ 0 and 0 < t ≪ 1. We have the following proposition:
Proposition 2.5. We have the following formulas DT tω (r, β, 0)t β s r .
Proof. The same proof of [Tod12b, Proposition 4.16] is applied without any major modification.
Step 3. Wall-crossing in A ω .
We investigate the difference of the generating series DT tω (X) for t = t 0 + 0 and t = t 0 − 0 for fixed t 0 ∈ R >0 . We have the following result: .
Here ǫ(r) = 1 if r > 0, ǫ(r) = −1 if r < 0 and ǫ(r) = 0 if r = 0.
Proof. The same proof of [Tod12b, Theorem 5.1] is applied by using the result of [JS] instead of [Joy08] . We just give an outline of the proof; For v ∈ Γ 0 , let M tω,0 (v) be the moduli stack of σ tω,0 -semistable objects E ∈ B ω satisfying cl 0 (E) = v. Similar to the invariant J(v), we have the generalized DT type invariant
ν dχ ∈ Q which counts σ tω,0 -semistable objects E ∈ B ω with cl 0 (E) = v. The wallcrossing formula [Joy08] describes the difference of the two limiting series DT tω±0 (X) in terms of the invariants J tω (v) satisfying Z tω,0 (v) ∈ R >0 √ −1. If we write v = (r, β, n), the latter condition implies n = rt 2 0 ω| 2 Xp /2. On the other hand, the proof of [Tod12b, Corollary 4.27] shows that the invariant J tω (v) is independent of t, and coincides with J(v). Now by applying the wall-crossing formula in [Joy08] , and computing the relevant combinatorial coefficients as in [Tod10b] , [Tod10a] , we obtain the result. Step 4. Further wall-crossing.
The final step is to decompose the series DT(X) into a product which involves the invariants J(v). Let A ω (1/2) be the subcategory of A ω , given as an extension closure of Z tω,0 -semistable objects E ∈ A ω for 0 < t ≪ 1, satisfying lim t→+0 arg Z tω (E) = π/2. Note that any object E ∈ A ω which contributes to the invariant DT tω (r, β, 0) is an object in A ω (1/2). Similarly to [Tod12b, Subsection 3 .7], we are able to construct a one parameter family of weak stability conditions ( Z ω,θ , A ω (1/2)) on A ω (1/2) parameterized by 0 < θ < 1, such that an object E ∈ A ω (1/2) contributes to the invariant DT tω (r, β, 0) if and only if it is Z ω,1/2 -semistable. Moreover an object E ∈ A ω (1/2) with rank(E) = 1 is Z tω,θ -semistable for 0 < θ ≪ 1 if and only if it is an object in π * Pic(P 1 ). Applying the wall-crossing formula, we obtain DT(X) = The above formula is obtained by the same argument of [Tod12b, Proposition 5.3] without any major modification. Combined with (27), Corollary 2.7, and taking the s 0 -term, we obtain the result.
2.4. Irreducible curve class case. Suppose that Conjecture 2.3 is true, and the curve class β is irreducible, we then have the following corollary:
Corollary 2.8. Suppose that β ∈ H 2 (X, Z) π is irreducible. Then for n ≥ 0, we have
(−1) n−1 (n + 2r)J(r, β, r + n) P −n,β = r>0 (−1) n−1 (n + 2r)J(r, β, r + n).
(28)
Remark 2.9. Note that when the data (r, β, n) is chosen so that there does not exist any strictly semistable sheaf, then the invariants J(r, β, n) appearing on the right hand side of (28) coincide with the invariants computed in χ(P n (X, β))q n t β is written as the product expansion r≥0,β>0,n≥0
exp J χ (r, β, r + n)q n t β n+2r · r>0,β>0,n>0
exp J χ (r, β, r + n)q −n t β n+2r
